Many musical instruments consist essentially of resonant systems having only approximately harmonic normal modes and excited by a force that depends nonlinearly on the velocities associated with tho•e modes. An approximate condition is derived for the resulting sound spectrum to consist of components rigorously locked into harmonic relationship. Such mode locking is favored by nearly harmonic normal mode frequencies, by large mode amplitudes, and by large nonlineartry in the driving force.
INTRODUCTION
Musical instruments capable of producing a sustained tone (e. g., wind instruments and bowed-string instruments) consist essentially of one or more resonant systems (air columns, cavities, strings} with very nearly linear acoustic behavior, excited by a nonlinear source (lips, reed, air jet, bow) with which they are coupled to produce a regenerative feedback loop. This uonlinearity is generally essential in determining the amplitude of steady-state oscillations of the resonant system, and it also has a major influence on the nature of the radiated acoustic spectrum. t'a
The general problem to be investigated in the present paper arises from the fact that the natural modes of any real acoustical resonant system are never in exact harmonic relationship, because of second-order effects like end corrections and string stiffness. It is common experience that nonharmonically related sounds ("multiphonics" or "burhies") can be produced on most wind instruments, though in normal tone production the overtones are accurately harmonic and locked in both phase and frequency to the fundamental. It is therefore our purpose to inquire into the features of the system that are responsible for this mode locking. The analysis will be kept as general as possible, though some specific examples will be discussed.
I. SYSTEM EQUATIONS
Suppose the resortant system possesses a set of normal modes with frequencies hi, and let xt be a general- 
where • > 0 are the mode damping coefficients. We assume that all the mede equations of the resonator are linear, as shown, with the nonlineartries of the system concentrated in the driving mechanism. This is true to a very good approximation in most systems of interest. Now suppose that the resonant system is acted on by an external force F which has no explicit time dependence of its own, but which is generated by the action of the resonator modes on a valvelike mechanism--again we give examples in a moment. Then we can write F as 
where the X t are coupling coefficients which we shah take as real, any complex phase shifts being included in the form of F. Thus, for example, the ;c t on the left side of (2) refer to time t, while the •j in F may be evaluated at some earlier time t -5 t.
To put some flesh on this skeleton we note that in ordinary musical instruments we commonly find one of two possible generators. The first is the velocity-controlled generator used in the bowed-string instruments or, in different physical realization, in air-jet driven instruments of the flute family. The second is the pressurecontrolled reed or lip valve found in woodwind and brass instruments.
In the case of bowed strings, the frictional force For a system that is only weakly nonlinear and that is excited by only a small force F, the soluUon of (6) and (7) Many other cases could be discussed in a rather similar manner. The object of the present note has been to provide a framework for doing so.
